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COMPLEX MONODROMY AND THE TOPOLOGY 
OF REAL ALGEBRAIC SETS 



Clint McCrory and Adam Parusinski 



Qs , Abstract. We study the Euler characteristic of the real Milnor fibres of a real analytic 

map, using a relation between complex monodromy and complex conjugation. We deduce 
the result of Coste and Kurdyka that the Euler characteristic of the link of an irreducible 
algebraic subset of a real algebraic set is generically constant modulo 4. We generalize this 
result to iterated links of ordered families of algebraic subsets. 



Introduction 

According to Sullivan [Su], if X is a real analytic variety and x is a point of X, then 
the link of x in X has even Euler characteristic, 



o: x{iHx;X)) = o (mod 2). 

I ■ Recently Coste and Kurdyka [CK] proved that if X is a real algebraic variety and Y 

,.2^ ! is an irreducible algebraic subvariety, then there exists a proper subvariety Z oi Y such 

^ ' that for all points x and x'mY\Z, 

> 

•^; x{lkAY;X)) = xilk,'iY;X)) (mod 4). 

^ ' Here lkx{Y;X) denotes the link at x of y in X. 

We present a new proof of this result using the monodromy of the complex Milnor 
fibre. If / : X — > R is a real analytic function and f{x) = 0, let /c be a complexification of 
/, and let F be the Milnor fibre of /c at x. Then a geometric monodromy homeomorphism 
h : F ^f F can be chosen so that chch = 1, where c is complex conjugation. (A special 
case of this monodromy relation — for weighted homogeneous polynomials — was first 
discovered by Dimca and Paunescu [DP].) The equation chch = 1 has implications for 
the action of c on eigenspaces of the algebraic monodromy /i*. As a consequence, the 
difference between the Euler characteristics of the real Milnor fibers of / over +5 and —5 
can be expressed in terms of the dimensions of generalized eigenspaces of /i*. Applying 
this result to a nonnegative defining function / for 1" in A, we recover the Coste-Kurdyka 
theorem (Theorem 1.5). 
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2 CLINT MCCRORY AND ADAM PARUSINSKI 

We generalize the Coste-Kurdyka theorem as foUows. The above method apphed to 
the complex Milnor fibre of an ordered family of functions {/i, . . . ,/fc} gives a relation 
between the Euler characteristics of the real Milnor fibres over the points (±(5i, . . . , ±(5^). 
This in turn gives information about the Euler characteristic of the iterated link of an or- 
dered family {Xi, . . . ,Xk} of algebraic subsets of X. We prove that xilkx{Xi, . . . ,Xfc;X)) 
is divisible by 2*^, and that as x varies along an irreducible algebraic subset Y oi X, 
x{lkx{Xi, . . . ,Xk;X)) is generically constant mod 2*^"'"-'^ (Theorem 2.8). A special case of 
this result was proved by Coste and Kurdyka [CK] using quite different methods. 



1. The Euler characteristic of real 
Milnor fibres and complex monodromy 

1.1. Complex conjugation and monodromy. 

Let X be an analytic subset of R" and let f:X -^ R be a real analytic function 
defined in a neighbourhood of xq £ X such that /(xq) = 0. Let Xc C C", /c: -'^c -^ C 
be complexifications of X and /, respectively. Then the Milnor fibration of /c at xq (see, 
for instance, [Le], [Mi]) is the map 

^■.B{xo,e)nfc\Ss)^Ss, 

induced by /c, where B{xo,e) is the ball in C" centered at xq with radius e, Ss is the 
circle in C with radius 6, and < 5 <C e ^ 1. The fibre of ^ is called the Milnor fibre of 
/c at xq. We are particularly interested in the fibres over the real numbers, 

F = ^-\6), F' = ^-i(-(5). 

Let h: F ^> F he the geometric monodromy homeomorphism determined (up to homo- 
topy) by ^. The automorphism induced at the homology level /i*: H^{F; C) -^ H^,{F; C) 
is called the algebraic monodromy. 

Since /c is a complexification of a real analytic function, complex conjugation acts 
on ^ fixing F and F' as sets. We denote this action restricted to F and F' by c and c', 
respectively. It was noticed in [DP] that, for weighted homogeneous /, the monodromy 
homeomorphism h and the complex conjugation c on F satisfy chch = 1. We shall show 
that, in general, we may always choose h such that this relation holds. This will allow 
us to describe, for arbitrary /, the relation between the induced automorphisms h^, c* on 
homology. 

Now we construct a special geometric monodromy h compatible with complex conju- 
gation. A trivialzation of ^ over the upper semi-circle S'^ = {z G Ss \ Im{z) > 0} induces 
a homeomorphism 

g:F^F'. 

Then 

(1.1) g = c'gc:F^F' 

comes from the conjugate trivialization of ^ over the lower semi-circle and 

h = g~^g, 
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is a monodromy homeomorphisni associated to ^. 

Let Ex^m = ker{h^ — AI)"*. Then £'a,i is the eigenspace of h^, corresponding to the 
eigenvalue A and E\^]\f, for N large enough, is the generalized eigenspace corresponding 
to A. Note also that c, and so c*, is an involution, that is c^ = 1. 

Proposition 1.1. Let g:F ^ F' , g:F^F' and h = g~^g be as above. Then 
(i) ch corresponds via g to c' , that is g~^c'g = ch. In particular, chch = 1; 
(a) c* interchanges the eigenspaces of /i* corresponding to conjugate eigenvalues, that is 

Proof, (i) follows directly from the definition of h. Indeed, by (1.1) g~^ = cg~^c' , which 
gives 

ch = cg'^g = c{cg~^c')g = g'^c'g, 

as required. 
By (i) 

C-^ ll^ C-^ — ll^ 5 

which gives by induction on m 
This implies 

/irc*(/i* - xirc, = hT{h-^ - xir = (i - xKr = x'^ix-^i - Kr. 

Taking the kernels of both sides of the above equality we get c^Ex^m = Ex-i^m- Then (ii) 
follows from the monodromy theorem [Le], which says that all eigenvalues of /i* are roots 
of unity; in particular A~^ = A. D 

1.2. Real Milnor fibres. 

Let /:X — > R be, as above, a real analytic function defined in a neighbourhood 
of xq with /(xq) = 0. Then the real analogue of the Milnor fibration does not exist. 
Nevertheless, we may define the positive and the negative Milnor fibres of / at xq by 

F+ = B{xo,e)nf-\6), 
F_ = B{xo,e)nf-\-S), 

where < (5 <C e <C 1, and B{xQ,e) is now the ball in R". In general, F^ and F- are not 
homeomorphic. 

Let /c be a complexification of /. Consider the associated Milnor fibration ^ de- 
scribed in Section 1.1. Then the positive real Milnor fibre F+ is the fixed point set of the 
action of complex conjugation c on the complex Milnor fibre F = ^"^(5). In particular, 
by the Lefschetz Fixed Point Theorem, the Euler characteristic of F^ equals the Lefschetz 
number of c, that is 

xiF+) = Lie) = Y,(-'^y Tr{cv. H,{F; C) ^ F,(F; C)). 
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Analogously, 

X(F_) = L(c') = ^^(-1)^ rr(4: F,(F'; C) - H,{F'; C)). 

The following observation establishes a link between the complex monodromy h and 
the real Milnor fibres of /. It plays a crucial role in our interpretation and generalizations 
of the Coste-Kurdyka results in terms of complex monodromy. 

Proposition 1.2. x(-^+) ~x(-^-) ^-^ always even, and 

x{F+)-x{F-) = 2l{h--l) [mod A), 
where, for the eigenvalue X, 

l{h-\)=Y,{-iydimEx{hi), 

i 

and E\{hi) = ker (/i*|h.(f,c) — ^^I)^; for N large enough. 
Proof. By Proposition 1.1 (i) 

x{F+)-x{F-) = L{c)-L{ch). 

By Proposition 1.1 (ii), for A 7^ —1,1, c* interchanges E\{hi) and Ey^(hi). Hence, 
the trace of c* on Ex(hi) © E\{hi) is 0. Consequently, in the calculation of L{c) only 
the eigenvalues —1 and 1 matter. Both E-i{hi) and Ei{hi) are preserved by q and 
hi = h^\Hi{F,c)- By Proposition 1.1 (ii), a preserves the filtration 

Ei{hi) = ker {hi - Id)^ D ■■■Dker{hi- Id)^ D {0}. 

On the quotient spaces of this filtration, hi acts as the identity, and hence q = {ch)i. This 
shows, by additivity of trace, 

Tr (q 1^1 (hi))- Tr ((c/i), |^i (/i,)) = 0. 
Hence the eigenvalue A = 1 does not contribute to L{c) — L{ch). By a similar argument 

Tr{c,\E_,{hi)) = -Tr{{ch),\E_,{h,)). 
This gives 



x{F+)-x{F-) = 2 ^(-irrr(Q|E_i(/iO). 



Since c is an involution, it can have only —1, 1 as eigenvalues. This implies 

Tr {ci\E-i{hi)) = dimE-i{hi) (mod 2), 
which completes the proof. D 

Remark. By a similar argument, x(-^+) + x{F-) is even and 

x{F+) + x{F-) = 2l{h-l) (mod 4). 
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1.3. Tubular neighbourhoods and Hnks. 

Fix an algebraic set X C R", and let y be a compact algebraic subset of X. We 
can always find a non-negative proper polynomial function /:X ^ R defining Y\ that is 
Y = /"-"^(O). Then, for (5 > and sufficiently small, 

T(y,x) = /-Mo,<5] 

is a tubular neighbourhood of Y in X. By lk(Y;X), the link of Y in X, we mean the 
boundary of T{Y,X), that is 

lk{Y;X) = f-\6). 

If y = {xo}, then lk{Y;X) is called the link of xq in X and denoted by lk{xo;X). (For 
the dependence of lk{Y; X) on / and 5 see Remark 1.4 below.) 

Let Y be smooth at xq and let N^^ be the normal space in R" to 1" at xq- Following 
[CK] we define the link of y in X at xq as lk{xo; X (1 N^o) and we denote it by lkxo(Y;X). 
Note that lkxoiY;X) is defined only at a generic point of Y; that is xq has to be a 
nonsingular point of Y, and X has to be sufficiently equisingular along Y at xq so that 
lk{xQ] Xr\Nxa) does not depend on the choice of N^^- We give a different definition which 
make sense at any point of Y . Let / be a non-negative polynomial defining Y . For xq ^ X 
define the localization at xq of lk{Y;X) as the positive Milnor fibre of / at xq; that is 

rkx„{Y;X) = B{xo,e)nf-\6), 

where < 5 < e < 1. 

Let Xq be a generic point of y. In particular we assume that, near xq, Y is nonsingular 
and is a stratum of a Whitney stratification which satisfies the Thom condition Of. Then, 
by Thom's Isotopy Lemmas (cf. [G]), there is a stratified homeomorphism 

(1.2) rkx„{Y;X)^lkx„{Y;X)xB'', 

where d is the dimension of Y at Xq and B'^ denotes the ball of dimension d. Then, in 
particular, Ikxg (Y; X) and Ikxg {Y; X) are homotopy equivalent. Note that for the localized 
link Ikx^iY] X) we do not need the compactness of Y\ the assumption that Y is closed in 
X is sufficient. 

Note that the notion of the link of a subset can be reduced to that of the link of a 
point, since any real algebraic subset Y oi X can be contracted to a point so that X/Y 
naturally has the structure of a real algebraic set (see, for instance, [BCR, Prop. 3.5.5]). 

All the above definitions and remarks make perfect sense if X and Y are closed semi- 
algebraic subsets of R", and / is chosen continuous and semi-algebraic. In particular, 
choosing a semi- algebraic triangulation of (X, Y), which exists and is unique up to isotopy 
by [SY], we see that links in the PL category are special cases of semi-algebraic links. 

Similarly one defines the tubular neighbourhood and the link of y in a closed semi- 
algebraic set of X, or in a finite family closed semi- algebraic subsets of X, and so in any 
semi- algebraic stratification X. 

Finally, let U be an arbitrary (not necessarily closed) semi-algebraic subset of X, and 
let y C X be compact and semi-algebraic. Then the tubular neighbourhood and link of 
y in [/ can be defined similarly by 

T{Y, U) = /"Mo, 5] n [/, lk{Y; U) = f-\s) n U. 
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Any semi-algebraic subset [/ of X is the union of some strata of a semi-algebraic strat- 
ification of X. This allows us to use stratifications to study the properties of such links 
and tubular neighbourhoods, in particular to show that they are well-defined up to home- 
omorphism. 

Lemma 1.3. Let Y he a compact semi- algebraic subset of X, and let U be another semi- 
algebraic (not necessarily closed) subset of X. Then the following spaces are homotopy 
equivalent: 

Y ^Yl}T{Y,U), U\Y ^U\T{Y,U), 

where the closure is taken in U . In particular, 

(1.3) xilHY; U)) = x{Y) + x{U \ Y) - x{U U Y). 

Proof. For U closed in X the statement follows, for instance, from the triangulability of the 
pair (Y, U). If [/ is not closed, then we can find a semi-algebraic stratification compatible 
with Y and [/, and then simultaneously triangulate the closures of the strata. 
The last statement follows from 



lk{Y; U) = T{Y, U)nU\ T{Y, U). 
The details are left to the reader. D 

Remark 1.4- (Uniqueness of links and tubular neighbourhoods) 

(a) For real algebraic (or even closed semi-algebraic) X C R", the link at a point is well- 
defined up to semi-algebraic homeomorphism [CK, Prop. 1]. A similar result holds 
for the link of y in X at xq [loc. cit.]. 

(b) Uniqueness up to stratified homeomorphism was established also in [Du, Prop. 1.7, 
Prop. 3.5]. 

(c) In [DS] the authors define a functor which allows one to study the sheaf cohomology 
of links without referring to the actual construction of the link. Let .F be a (semi- 
algebraically) constructible bounded complex of sheaves on U = X \Y. Denote by 
i:Y ^^ X, j:U ^^ X the embeddings. Then the local link cohomology functor Ay of 
y in X is defined by 

AyT = i*Rj*J^. 

In particular, it is shown in [loc. cit] that 

(1.4) H*{lk{Y;Xy,Q)=-a*{Y;AYQu), 

where Q^/ is the constant sheaf on U and H denotes hyper cohomology. Clearly the 
right-hand side of (1.4) does not depend on the choice of the link. Let xq & Y 
and denote by ixg the embedding of xq in Y. Using arguments similar to [DS], 
one may show that the cohomology of lkxo(Y;X) equals the stalk cohomology of 
AyQu = i*Rj*Qu'i that is 

H*{rkx„{Y;X);Q) = H*{AYQuho- 
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1.4. The Coste-Kurdyka Theorem. 

Let X be an algebraic subset of R"' and let Y be an algebraic subset of X. By a 
theorem of Sullivan [Su], for any x € X, the Euler characteristic x(^^(2^jX)) of the link 
of X at X is even. Hence the same is true for xi^^xiX; X)), for x generic in y, since then 
IKiY-X) =lk{x;XnN^). 

Let /:X ^ R be a non-negative polynomial such that /~^(0) = Y and let XcYc 
and fc'-^c ^ C be complexifications of X,Y and / respectively (see, e.g. [BR, §3.3]). 
Consider the real and complex Milnor fibres of / and /c, respectively, at x € y. The 
negative real Milnor fibre F_ is empty, and the positive real Minor fibre F^ is the localized 
link lkx{Y;X). Consequently, by Proposition 1.2, xi^kx(Y;X)) is always even and 

(1.5) x{lkAY;X)) = 2l{K;-l) (mod 4), 

where hx denotes the complex monodromy induced by the Milnor fibration at x. 

Assume now that Y is an irreducible algebraic set. Then Yc is also irreducible (see 
e.g. [BR, §3.3]). Note that the left hand side of (1.5) is constant on strata of some semi- 
algebraic stratification of Y. Nevertheless, the generic value of the Euler characteristic 
x{lkx{Y,X)) along Y may not be well-defined. Indeed, even for irreducible Y, a semi- 
algebraic stratification of Y may have more than one open stratum. 

The right hand side of (1.5) makes sense for any x € Yc and is constant on strata of 
some algebraic stratification of yc- For instance, it suffices to take the restriction to Yc 
of a Whitney stratification of Xc which satisfies the Thom conditon ay^ . Now, if Yc is 
irreducible, then there is only one open (and dense) stratum 5*0 in Yc- Thus, it makes 
sense to talk about /(/i^; —1) for generic x G Yc- Since dime {Yc \ Sq) < dime Yc we 
have dim-R. {Y \ Sq) < dim^Y- Hence, (1.5) implies the following: 

Theorem 1.5. (Coste-Kurdyka [CK, Theorem 1']) 

Let Y be an irreducible real algebraic subset of X - Then the Euler characteristic 
xilka;(Y;X)) of the link of Y in X at x is generically constant modulo 4; that is, there 
exists a real algebraic subset Z CY , with dim Z < dim Y , such that for any x,x' £ Y\Z , 

x{lkx{Y-X)) = x{lkx'{Y;X)) {mod A). D 

Remark 1-6. Theorem 1.5 is equivalent to the constancy along Y of x{^k{x; X)) mod 4. 
Indeed, let x be a generic point of Y. Then Y is nonsingular of dimension d = dimY at 
X, and there is a homeomorphism 

lk{x;X) ^lkx{Y;X)*S'^-^, 

where * denotes the join. This, together with (1.2), implies 

f 2-x{rkx{Y;X)) if d is odd 
X{lk{x;X)) = < 

[ x{lkx{Y; X)) if d is even 

At special points of Y the relation between lkx{Y;X) and lk{x;X) is more delicate. 
Using arguments similar to the proof of Lemma 1.3, the interested reader may check that 
at an arbitrary point x of Y, 

X{lk{x; X)) = x{lkx{Y; X)) + x(/A:(x; Y)) - x(/fe({{x}, Y}; X)), 
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where lk{{{x},Y};X) is the iterated hnk defined in Section 2.3 below. In particular, by 
Theorem 2.8, 

Xilkix; X)) = xilk^ciY; X)) + xilHx; Y)) (mod 4). 



2. Generalizations 

2.1. Monodromies induced by a finite ordered set of functions. 

Let X be a complex analytic subset of C" and let / = (/i, . . . , fk)'- X -^ C'^ be a 
complex analytic morphism defined in a neighbourhood of xq (z X such that /(xq) = 0. If 
k > 1 then, in general, it is not possible to define the Milnor fibre of / at xq unambigously 
(see, for instance, [Sa]). Nevertheless, if we consider {/i,... , fk} as an ordered set of 
complex valued functions then, as we show below, the notion of Milnor fibre and the 
Milnor fibration make perfect sense. 

Lemma 2.1. Let f = (/i,... , fk): X — > C'^ be a complex analytic morphism and let 
Xq (zY = f~^{0). Then f induces a locally trivial topological fibration 

^:B{xo,e)nf-\T^)^T^, 

where 6 = {di, . . . , 6k) and e are chosen such that < (5^ <C • • • <C ^i <C e <C 1, and T^ is 
the torus {(^i, . . . , Zk) € C*^ | \zi\ = 6i,i = 1, . . . , k}. 

Moreover, 
(i) up to a fibred homeomorphism, the map ^ = ^(/, xq) does not depend on the choice 

of 5 and e; 
(a) there exists a stratification S of Y = /~^(0) such that, as xq varies in a stratum of 

S, the type of the map ^(/, xq) is locally constant up to fibred homeomorphism. 

Proof. The statement is well known if / is 'sans eclatement', in particular if there ex- 
ist Whitney statifications of X and C'^ which stratify / with the Thom condition af. 
Such stratifications always exists if /c = 1. The general case can be reduced to the 'sans 
eclatement' case by Theoreme 1 of [Sa], or derived directly from Lagrange specialization. 
We present the latter argument. 

First recall briefly the proof for k = 1. Choose a Whitney stratiflcation of X compat- 
ible with Y = /~^(0). Define the projectivized relative conormal space to / as 



Cf = \J {{x, H)eC^x P"-i \xeS,HD T,f\s}, 
s 

where T^fls denotes the tangent space to the level of /I5 through x, and the union is 
taken over all strata S C X\Y . Let tt: C/ — > C be the composition of / with the standard 
projection C/ -^ X. Then, by construction, 7r~^(A), for A 7^ and sufficiently small, is 
a Lagrangian subvariety of C" x P""! = pr*C". By Lagrange specialization (see, for 
instance, [HMS, Cor. 4.2.1] or [LT]) the same is true for A = 0, and then 

n-\0) = [jCy^, 
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where Y^ are analytic subsets of Y and Cy^ are their (absolute) conormal spaces. Then 
any stratification compatible with {Y^} satisfies the Thorn condition a/. 

For k > 1 this argument fails only if the dimension of 7r~^(0) is bigger than that 
of 7r~^(A), A > 0, that is dimcvr~^(0) > n — 1. But as we show below in Lemma 
2.2, the dimension of the set of limits 7r~^(A), A = (Ai,... , Xk) -^ 0, along a cuspidal 
neighbourhood < |Afc| <^ • • • <^ \Xi\ <C 1, cannot jump, and so in our case it stays 
constant. Hence the limit is a Lagrangian subvariety of C" x P""-*^. Now using a stan- 
dard argument we may refine any Whitney stratification of X compatible with 1" to a 
stratification which satisifies the Thom condition a/ for all limits x ^> xq (z Y such that 
< |/fc(a^)| <C • • • <C |/i(x)| <C 1. Then the statement follows by standard arguments of 
stratification theory as in the case k = 1. 

To complete the proof of Lemma 2.1, we have to show that taking limits along a 
cuspidal neighbourhood does not increase the dimension of the fibre. This is a general 
fact which holds also in the real analytic case. We present a proof based on standard 
properties of subanalytic sets and the Lojasiewicz Inequality (see, for instance, [BM]). 

Lemma 2.2. Let Z be a compact subanalytic subset of H^ and let ip: Z ^> R*^ be a 
continuous subanalytic mapping. Given positive real numbers nii,... ,mk, consider the 
space of limits of ip~^{Xi, . . . , Xk), (Ai, . . . , A^) -^ 0, over a cuspidal neighbourhood 



{AeR'^ I 0< lAfcT'' <••• < lAipi}, 



that is, 



^r,o = v5"'(o)nv5-i(r). 



Then, if ^,... , -^ are sufficiently large, 

dim Zr,o < dim Z — k. 

Proof. The proof is by induction on k, the case k = 1 being obvious. 

Let Z' = if^ (0). Without loss of generality we may assume that Z = Z \ Z'. Hence 
dim Z' < dim Z — 1. Let (p' = {ipi, . . . , (pk-i)'- Z' -^ R^~^. By inductive assumption, for 



mi rnk-2 onflfir-io-n + Kr loT-rro qti^ T' — / \ ' C "R ^ " 1 

m2 ' ■ ■ ■ 

the set 



m2'--- ' mfc_i sufficiently large and T' = {A' G R''-^ | < |Afc-i['"'=-i < • • • < |Ai|™i}, 



Zr',o = ^' {o)nip'-\r) 

is of dimension not greater than dim Z — k. Thus to complete the inductive step we show 
that for TUk small enough 

(2.1) Zp, Q = Zr,o- 

The inclusion C of (2.1) is obvious. To show D we replace Z by 



Z = {x e Z \0< \ipk-iix)\"^i'-^ < ■■■ < lv9i(x)|'"i}, 

and in what follows we shall work on Z. Since dist{x, Z') and (pk are continuous subanalytic 
functions with the same zero sets, by the Lojasiewicz Inequality, for m sufficiently large, 

[dist{x,z')r <\^k{x)\. 
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Also by the Lojasiewicz Inequality, for M sufficiently large, 

We claim that (2.1) is satisfied provided TTT-fc < ^^ ■ Indeed, then |99fc(x)|""= < \(pk-i{x)\'^^^^ 
implies 

"^fc— 1 
dist{x,Z') < |v9fc(x)|i/'" < \^k-i{x)\^^^ < \ipk-i{x)\^ < dist{x,ip-\0)), 

which implies D in (2.1). This completes the proofs of Lemmas 2.1 and 2.2. D 

We call the map ^ defined in Lemma 2.1 the Milnor fibration and its fibre the Milnor 
fibre of the ordered family of functions {/i, ... , f^} at Xq. Such a fibration defines, up to 
homotopy, homeomorphisms hi: F -^ F, i = 1, . . . ,k, called the geometric monodromy 
homeomorphisms. Since the fundamental group of Tg is commutative, the induced homo- 
morphisms on homology (the algebraic monodromies) commute. 

The sheaf cohomology of the Milnor fibre of {/i, ... , fk} can be defined in terms of 
neighbouring cycles. Recall that for /:X — > C, and a constructible bounded complex of 
sheaves J-" on X, the sheaf of neighbouring cycles ipfJ^ (in fact, again a complex of sheaves) 
on Xq = f~^{0) is defined as follows [KS, p. 350]. Let 

l/jj:J^ = i*R[j o ^)^(j o tt)*T, 

where i: Xq ^^ X, j: X\ Xq ^^ X denote the embeddings, and it: X -^ X\ Xq is the cyclic 
covering of X \ Xq induced from the unversal covering of C* by the diagram 

X > C 



Tv^exp 



X\Xq — ^-^ c* 

Then, for x e Xq and the Milnor fibre F = B{x, e) n /~H<^)) 

H\F;J^)=H\i;fJ^),. 
In general, if F is the Milnor fibre of {/i, ... , fk} at x € /~^(0), then 

(2.2) H\F■,T)=Wii;f,i;f,.■■^lJf,T),. 

We show this by induction on k. Choose a Whitney stratification S of F" = f^ (0) n . . . fl 
f^ (0) such that ipf^ ■ ■ •'ipf^J' is constructible with respect to S, and satisfies the Thom 
condition aj^ . Then for a regular value 6i of /i restricted to all strata of S 

{i'hi'h ■ ■■^h^)\f-\5,)nf-\o)nF" = i'hiii'h ■ ■■^h^)\f-\5,)nF")- 

In particular, we may take 6i ^ and sufficiently small. Repeating this procedure, we 
show 
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Hence, for F' = B{x,e) n f,-\Si) n f^\0) n . . . n ^-^(O), 

= i7^(F';V/.---V'/.(-^l/-(5,))) 
= H\F-T), 

where the last equation follows from the inductive assumption applied to the sheaf JF| ^--i/^ •, 
on X n /]~ ((5i) and the set of functions {/2, ... , /jt}- 

2.2. Real Milnor fibres of a finite ordered set of functions. 

Let X be a real analytic subset of R", and let / = (/i, . . . , fk): X —>■ R'^ be a real 
analytic map defined in a neighbourhood of xq G X. Let Xc, /c be complexifications of 
X and /, respectively. In particular, by Lemma 2.1, {fic ■ ■ ■ ,fkc}i ^^ ^^ ordered set, 
induces the Milnor fibration ^ at xq. 

Similarly, for each 7 = (71,... ,7^) G {0,1}'^, we may then define the real Milnor 
fibre 

F^ = B{xo,e) n f-\i-ir^6,,. . . , i-iy-Sk), 

where 0<(5fc<C---^(5i<Ce<Cl and B{xo,e) now denotes the ball in R'*. 
Complex conjugation acts on ^ and preserves each fibre 

Denote the restriction of this action to -Fc,7 by c-y. Then F^ is the fixed point set of c^. 

As in Section 1.1, we construct complex monodromies h^:F — > F compatible with 
complex conjugation, that is satisfying 

where g-y'.F — > -Fc,7 is a homeomorphism. Since the fundamental group of the base 
space T^ of ^ is commutative, all the h^ commute up to homotopy. In particular the 
induced automorphisms on homology h^^^ are generated by those which come from 7(j) = 
(0, . . . , 0, 1, 0, . . . ,0), 1 in the j-th place. Denote h^{j) by /i(j) for short. Thus for 7 = 

(71,- •• ,7fc), 

k 
J = l 

For the set of eigenvalues A = (Ai, . . . , Afc) and multiplicities m = (mi, . . . , mk), we 
let Ex,m = Clj ker{h(j)^^ — XjT)"^^ . Then the argument of the proof of Proposition 1.1 
generalizes, and we have the following: 

Proposition 2.3. Let g^ and h^ and c^ be as above. Then: 
(i) via g^, complex conjugation c^ on -Fc,7 corresponds to ch^ on F; in particular, 

t^l fjy-y 1^1 l/y-y X. 

(ii) c* interchanges the common eigenspaces of /i(j),* corresponding to conjugate eigen- 
values, that is 
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where A = (Ai, . . . , Afc). D 

By Proposition 2.3 (i), the Euler characteristic of the real Milnor fibre F^ is given by 
the Lefschetz number 

X{F^) = L{ch^). 

For the eigenvalues A = (Ai, ... , Afc), let 

Exihi) = P|A:er (/i(j)_*|h,(f,c) - Ajl)^, 
j 

for N sufficiently large. Let 

l(h;X) =Y,i-'^ydimEx{hi). 

i 

For 7 = (71, . . . , 7fc) we let I7I = ^,-=i 7j- Then argument of the proof of Proposition 1.2 
generalizes and gives: 

Proposition 2.4. ^^(— l)'''''x(-^7) ^^ divisible by 2^ and 

(2.3) ^(_i)l7l^(^^) ^ 2Hih; (-1, . . . , -1)) (mod 2^+^). 

U 

2.3. Iterated links. 

Let X be a compact algebraic subset of R"", and let X = {Xi}^^-^ be an ordered 
family of algebraic (or closed semi- algebraic) subsets of X. Then we define the link of X 
in X as 

/A:(^;X) = /ri(5i)n---n/,-i(4), 

where fi-Xi ^ R are non- negative polynomials (or continuous semi-algebraic functions) 
with zero sets Xi, and the J^'s are chosen such that < (5fc -C • • • ^ 5i «C 1. Similarly, we 
define the localized link lkxoiX;X). Note that lk{X;X) depends on the ordering of the 
Xi^s, but it does not depend on the choice of the /^'s and 5i's; we show this in Remark 
2.6 below. 

For a given family {Xi}'^^^ of subsets of X, we usually let X^+i = X and Xq = 0. 

Lemma 2.5. Let X = {Xi^'l^i be an ordered family of closed semi- algebraic subsets of 
X, and let Ui = Xi\ Xi-i, i = 1, . . . , A; -|- 1. Then 

fc+i 

(2.4) x{lHX-X))=Y,i-^y^' E x(C/nU---U^,J, 

j = l l<ii<---<ij<k + l 

and locally at any x E R", 

fc+i 

(2.5) x{i'K{X;X)) = Y,{-^y^^ E x(/M^;f^., u-.-ut/.j). 

j=i i<n<---<ij<fc+i 
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Proof. For k = 1, (2.4) follows from (1.3) of Lemma 1.3; 

X{IHX,;X)) = x{Xi) + x{X \ Xi) - x{X), 

since X^ = Ui,X\Xi = U2 and X = f/i U U2. 

Let /i: X — > R be a non-negative polynomial function defining Xi. For the inductive 
step choose 5i so small that Lemma 1.3 holds for Y = Xi and for aWU = Uij^U- ■ -UUi-UY, 
1 < ii < • • • < ij < k + I. Since Ui = Xi, this gives 

.2g^ x((^nU---Uf/,Jn/ri(<5i)) 

=x(f/n u • • • u C/,J + x(^i) - x(t/i uu,,u---u u,.), 

ioi 2 < ii <■■■< ij < k + I. 

Apply the inductive hypothesis to the filtration X' = {X[}^^2 given by X[ = X^ n 
fi'^{5). By construction, lk{X]X) = lk{X';X n fi^{5)). The inductive hypothesis gives 

k 

xmx'-x n ir\5))) = Y.{-iy^' Y. ^((^^^ u • • • u t/.j n /r^(5i)). 

.j = l 2<n<---<ij<fc + l 

Now the result follows from (2.6), since the coefficient of x{Ui) is '}2,j=i{~^)''^^{. ■) — ^■ 
The proof of the local case is similar. D 

For k = 2 the right hand side of (2.4) equals 
x(Xi) + x{X2 \X^) + x{X\ X2) - x{X2) - x{x \ Xi) - x{{X \ X2) U Xi)) + x{X). 
This expression appears in [C, §8] in a context which we explain in the next section. 

Remark 2.6. 

a) Using Proposition 1 of [CK] we show that iterated links are well-defined up to 
semi-algebraic homeomorphism. 

First consider the case of the link lk{X; X) of a family X = {Xi}^^^ in X. It is more 
convenient to work in the semi-algebraic category, so we assume that X is semi-algebraic 
and Xi are compact semi- algebraic subsets of X. We show uniqueness by induction on k. 

For k = 1 we may collapse Xi to a point xi so there is a unique semi-algebraic struc- 
ture on X/Xi such that the projection X -^ X/Xi is semi-algebraic. Then lk{Xi;X) = 
lk{xi;X/Xi) has a unique semi-algebraic structure by [CK, Prop. 1]. Moreover, let 
Xl = Xi/Xi, z = 2, . . . , fc, be the induced semi-algebraic subsets of X/Xi. Then, by 
[loc. cit.], lk{xi;Xi/Xi) are well-defined semi-algebraic subsets of lk{xi; X/Xi). Let 
X = {lk(xi; Xi/ Xi)}'ll^2- It follows from the inductive hypothesis that 

lk{X;X) =lk{X;X/Xi) 

is unique up to semi-algebraic homeomorphism. 

To show the uniqueness of localized links //ca;(^;X) we may argue as follows. First 
note that [loc. cit.] gives, in fact, the semi-algebraic invariance of semi-algebraic tubular 
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neighbourhoods. In particular, we may take X n B{x,£) as a representative of a neigh- 
bourhood of X in X. Then, we apply the above argument to X n B{x,£) and the family 
{X,nB{x,e)}. 

b) For iterated links to be well-defined, we do not actually need the compactness of 
X. The compactness of CiiXi is sufficient. For localized links it suffices that the Xi are 
closed in X. 

c) In Section 2.5 below we show that the iteration of the link operator of [DS] allows 
us to study the sheaf cohomology of iterated links. This shows independently that the 
sheaf cohomology of an iterated link is well-defined. 

2.4. Generalizations of the Coste-Kurdyka result. 

Let X = {Xi}^^^ be an ordered family of closed algebraic subsets of the algebraic set 
X C R"; we do not assume X to be compact. Let 

fc+i 

j = l l<ii<---<ij<k + l 

and similarly for x G X, 

fc+i 

j = l l<ii<---<ij<k + l 

where Ui = Xi\ X,_i, i = 1, . . . ,k + 1, Xo = 9, Xk+i = X. 

Remark 2.1. If X is compact, then by Lemma 2.5, 

A(A',X) = x(/fc(A';X)), A,(A',X) = x{l^M\X))- 

If X is not compact, we may compactify it by choosing an algebraic one-point compacti- 
fication S of R", such that S C R^ (see, for instance, [BCR, Prop. 3.5.3]). Let oo denote 
the point at infinity. Then X = {Xi = Xi\J {oo}} is an ordered family of algebraic subsets 
oiX = X\J {oo}. Note that 11^ = Xi\ Xi_i = Ui, except Ui = UiU {oo}. Thus, if ii > 1, 

x{U^,U■■■UU,^) = xiU^,U■■■[JU,^). 

If ii = 1, by Lemma 1.3, 

x{Ui, \J---\JU,.)= x({oo} U t/,, U • • • U U,.) 

= x{Ui, U • • • U C/iJ + 1 - x(^fc(oo; f/i, U • • • U U,^)). 

Summing up, A(A:', X) = A(i',X) - A(A",X'), where X' = {//c(oo;Xi)} is the family of 
links at infinity of X and X' = lk{oo;X). Thus, the study of /S.{X,X) can be reduced to 
the case of compact X. 

We will also consider parametrized families. For the standard projection vr: R" -^ R"* 
(n > m) and t G R"*, we denote by Xt the induced ordered family of algebraic subsets of 
Xt = TT~^{t). Let t vary in an algebraic set T C R"*. Then {Xt} is an ordered algebraic 
family of algebraic subsets of X n tt~^{T), t is the parameter, and T is the parameter 
space. 
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Theorem 2.8. Let X = {Xi}^^^ he an ordered family of algebraic subsets of the algebraic 
set X C R". Then 

(i) For any x ^ X, /S.{X,X) and IS.x{X,X) are divisible by 2^; 
(a) Let X vary along an irreducible algebraic subset Y of X . Then Ax{X, X) is generically 

constant modulo 2^^-^ ; that is, there exists a real algebraic subset Z CY, with dim Z < 

dimY , such that for any x,x' £Y \Z, 

A^^'{X,X) = A^{X,X) {mod2^+^); 

(Hi) Let t vary in an irreducible algebraic subset T ofTU^. Then A{Xt,Xt) is generically 
constant modulo 2^+-*^; that is, there exists a real algebraic subset Z C T, with dim Z < 
dim T, such that for any t,t' ^T \ Z, 

A{Xt',Xt') = A{Xt,Xt) {mod 2^+^). 

This also holds for k = for A{Xt) = xi^t)- 

Proof. To show (i) for Ax{X,X) and (ii) we just repeat the proof of Theorem 1.5 using 
Lemma 2.1, Proposition 2.4 and Lemma 2.5. 

To show (i) for A{X,X) we argue as follows. Let /(xi,... ,Xn) be a polynomial 
defining X. Then /^ — x^_|_^ defines the double cone X over X in R""*"^. The link of the 
origin po in X consists just of two copies of X. Similarly we define the family X. Let 
Xl^^ = Xi ior i = 1,... ,k, and X[ = {po}. Then Ap„(A:",X) = 2A(A:',X), and the 
global case follows from the local case. 

To show (iii) we may assume that it{X) = T and that X is compact. Apply the above 
double cone construction to the fibres of vr. Let Y be the zero section of this family of 
cones. Since Y is isomorphic to T, it is also irreducible. Then, by an argument similar to 
the above, (iii) follows from (ii). D 

Theorem 2.8 generalizes Theoreme 5 and Proposition 4 of [C] and the Corollary after 
Lemma 3 of [CK]. Indeed, in the notation of Lemma 3 of [CK], for Xi,X2 real algebraic 
sets, a nonsingular semi-algebraic set S such that S C Xi C X2, and x generic in S, 

^S,X,,X2) = x{lkAS;X2)\lk^{S;X,))-x{lkAS;X2)) + x{lkAS;X,)) 

= xiikAN,nx,;N,nX2)) 

= A,{S,Xi;X2) 

= x{ik:,{S,Xr,X2)), 

where N^ is the normal space at x to S" in X2. Similarly, in the notation of Theoreme 5 
of [C] , for algebraic subsets Y2 C Yi oi X and a nonsingular semi-algebraic set S" C I2 j 

A^{S,Y2,Yr,X) = xilk^y-^X)), 

where 3^ = {5,^2,11 }• 

Moreover, Theorem 2.8 shows that the dimensional assumptions of Lemma 3 of [CK] 
and Theoreme 5 of [C] , dim X2 = dim Xi + 1 = dim S + 1 and dim X = dim Yi + 1 = 
dimY2 + 2 = dimS + 3, can be dropped. Also Theorem 2.8 answers positively the question 
stated in the last remark of [CK] and seems to be the result anticipated in Section 8 of 
[C]. 
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2.5. The iterated link cohomology functor. 

We reformulate our result in terms of the local link cohomology functor Ay of [DS]. 
Let y be a semi-algebraic closed subset of the algebraic set X. We do not assume that X 
or Y is compact. We modify slightly the definition of Remark 1.4 (c) so that now Ay is 
defined only for bounded constructible sheaves on X; that is 

Ay^ = i*RjJ*T, 

where, as before, i:Y ^^ X , j: X \Y ^^ X denote the embeddings. 

Suppose that we have a finite ordered family ^ = {Xi}*L^ of closed semi-algebraic 
subsets of X. Then, for any x G X, 

(2.7) H*{rK{A:;X);Q)= H*{Ax, . . . Ax.Qx).- 

Indeed, (2.7) can be considered as a real analogue of (2.2) with the same proof. 
Moreover, suppose that P|j Xi is compact. Then 

H*{lk{X;Xy,Q)='H*{Y;Ax,...Ax,Qx), 

where Y = f^X^ and H denotes hypercohomology. 

A function cp: X ^> Z is called semi- algebraically constructible if there exists a finite 
family {Xi} of semi-algebraic subsets of X and integers Ci such that 



(2.8) (^ = ^Q Ix.. 



We refer the reader to [Sch] for the main properties of constructible functions. The theory 
of subanalytically constructible functions developed there holds also, of course, for semi- 
algebraically constructible functions. 

Similarly one may define algebraically constructible functions on a real algebraic set 
X by demanding all the Xi in (2.8) to be algebraic. One can easily check that such basic 
operations on semi-algebraic constructible functions as the duality Dxf and the push- 
forward /*93, for a polynomial map f:X — > Y, do not preserve the family of algebraically 
constructible functions. 

The following theorem is virtually equivalent to Theorem 2.8. 

Theorem 2.9. Let X = {Xi}*L^ be an ordered family of algebraic subsets of the algebraic 
set X C R". Then the stalk Euler characteristic of Ax^ ■ ■ . A^^Qx; that is 

^{x) = x{H*{Ax,...AxMx).), 
is always divisible by 2'^ and algebraically constructible mod 2'^'^^ . D 

Define the link operator on the constructible function ip = ^^ q 1^^ by 

Aip{x) = '^Cix{lk{x;Xi)). 

i 

Then the duality operator of [Sch] satisfies 

Dx-iPix) = (p{x) - A(p{x). 

The following corollary follows from Theorem 1.5 (the original Coste-Kurdyka Theorem) 
and Remark 1.6. 
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Corollary 2.10. If (p is an algebraically constructible function, then Aip always has even 
values, and both Aip and Dxf are algebraically constructible mod 4. 

2.6. The Analytic Category. 

All local statements of this paper hold in the real analytic category, that is for real 
analytic spaces and subspaces, by virtually the same proofs, where, whenever necessary, 
we replace semi- algebraic sets by subanalytic sets. 
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